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Abstract 

For an arbitrary p, propose a new and computable metliod whicli 
can determine the values of unknown constants in constraints on a tau 
function which satisfies both the p-reduced KP hierarchy and the sting 
equation. All the constants do not equal 0, unlike what people usually 
think of. With these values, obtain the precise algebra that the con- 
straints compose. This algebra includes none of {tmp} and also includes 
the Virasoro algebra as a subalgebra. 
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§1. Introduction 



Quantum gravity is an interesting object in the current research of mathematical physics. In 
2D quantum gravity, Kontsevich[lj proved Witten's conjecture[2j that two different approaches 
to 2D quantum gravity coincide. That is, a partition function for the intersection theory of 
moduh space is the logarithm of some r function [3] which satisfies the string equation and the 
2-reduced KP hierarchy. Meanwhile, using Kontsevich's matrix integral representation of the 
partition function, Witten^ showed the exponent of the partition function is a vacuum vector 
for the Virasoro algebra. Together with the conclusion [5l [6] that a r function which satisfies the 
string equation and the 2-reduced KP hierarchy is equivalent to a vacuum vector for the Virasoro 
algebra, he also obtained the equivalence of the two approaches. Since integrable system has 
close connection with the string theory and the intersection theory [TJ [8], this conclusion has been 
wildly researched with various methods in this field [9l [TOl \TT\ \T2\ I13j . An interesting problem 
is to extend the conclusion in [5l [6] from 2 to an arbitrary p, which is to obtain the equivalence 
between a r function constrained by the string equation and the p-reduced KP hierarchy and 
a vacuum vector of some algebra which include the Virasoro algebra as a subalgebra. When 
p = 3, Goeree[T3] showed that it is true. And the case for bigger p had also been researched in 

In order to obtain the above equivalence for an arbitrary p, it need to obtain the precise 
constraints which the KP hierarchy and the string equation impose on tau functions. When 
we calculate them, it creates a lots of constants in the obtained constraints whose values are 
unknown. When p = 2, the constrains constitute the Virasoro algebra and we could use the 
commutation relations of the Virasoro algebra to calculate the values of the constants. But 
when p > 4, although there are some classical conclusions about W algebra[6l |T3], it is so hard 
to calculate the commutation relations of the constraints that the constants in the higher order 
constraints are still unknown. As far as we have known, there is not an effective computable 
method to determine them when p > 4. Due to the uncertainty of the constants, we also could 
not obtain the precise algebraic structure of these constraints. In this study, for an arbitrary 
p, we propose a new computable method which can determine values of the constants. It is a 
recursive process and we can directly calculate them step by step. It is usually that assign the 
value of to all the constants; but here, by this method, we know that all of them are not equal 
0. And the none zero constants are closely related with the centers of the algebra that the con- 
strains constitute. When p = 2, our conclusion coincide with the current conclusion, that is, the 
constants determined through our method being the same as those determined through commu- 
tation relations of Virasoro. Consequently, with these values we obtain the precise constraints. 
And further we obtain the precise algebra which the constraints constitute. The algebra does 
not include the redundant variables of t^p, and we find the connection between the algebra 
and the VFi+oo algebra which include all the variables of tmp- Based on this connection, we 
can calculate the commutation relations of one algebra from those of the other algebra. And 
the calculation is much simpler than a straightforward calculation. Furthermore, the obtained 
algebra include the Virasoro algebra as a subalgebra. So the above conclusion in [5l [6] is also 
included in our conclusion. In addition, we mainly use the tool of pseudo-differential operators 
to prove the conclusions, which is introduced by Dickey [15] and greatly simplifies the proof. 

The organization of the paper is as follows. In section 2, for self-contained we give a brief 
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description of the KP hierarchy. In section 3, we prove the connection between VFi+oo algebra 
and the algebra ofW = {wi"^^ |t„j,=o}- In section 4, we show the approach to calculate unknown 
constants, which is our main theorem. Meanwhile, we give some examples for our theorems. 
Section 5 is devoted to conclusions. 



§2. KP hierarchy 

To be self-contained, we give a brief introduction to the KP hierarchy based on a detailed 
research in 1151. 



Let F be an associative ring of functions which include infinite time variables ti G M: 

F = {f{t) = f{ti,t2,--- ,tj,---y,UeR}. 

Denote dt^ by d, which is the common differential operator on the first variable ti. Its actions 
on f{t) are 

df{t) = dtJit); d o f{t) = f{t)d + dtJit). (2.1) 

Here the symbol " o " denote the multiplication between operators. If we consider a function 
f{t) as a operator whose action on g{t) E -F is f{t)g{t), we can infer the following identity about 
multiplication of function operators and differential operators. That is for any j € Z 



oo 



1=0 



If the function operators are located on the the left-hand side we omit " o " . So with (j2.2p we 
could obtain an associative ring F(d) of formal pseudo differential operators, which includes two 
operations " -|- " and " o " : 



The ring F{d) includes two subrings which are F^{d) = {R-^- = Yl'j=o fji.^)^''}^ the ring of 
deference operators and F^{d) = {R- = J2jl~oo fji^)^''}^ the the ring of Volterra operators. 
Let -L be a general first order pseudo differential operator: 

oo 

L = d + Y^f,{t)d-^. (2.3) 



The KP-hierarchy[15j can be expressed as 

dL 
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Comparing the powers of d on both sides, we can obtain the family of equations in functions 
fj{t). From i = 2 and i = 3, we obtain 

2,dlf = dt.mj - dfj - GfdtJ), (2.5) 

which is the famous Kadomtsev-Petviashvih equation. 
Define the dressing operator 

oo 

which satisfies 

L = <^{t) o d o (^{tyK (2.6) 
Then the Sato equation in the operator ^(t) 

^ = -{V)^o^t) (2.7) 

is equivalent to the KP equation (j2.4p . The KP hierarchy can also be expressed as the following 
equations equivalently: 

L^w = z''w and dt^w = L'^w. (2.8) 

Using the dressing operator we can give a kind of form solutions for the above equations 
which are called Baker or wave functions 'w{t,z) and adjoint Baker or wave functions w*{t,z): 



w{t, z) = ^{t)exp{Y^ tiz') =(l + + ^ + • • • ) exp(^ Uz') (2.9) 

i=l \ Z Z J .^^ 

and 

w*{t, z) = {^-\t)rexp{y^ -tiz') = { 1 + + ^ + ■■■] exp(> J Uz'). (2.10) 



oo 



1 = 1 ^ ^ i=\ 



a KP hierarchy is equivalent to a single function, the tau function T(t), which means that 
all functions Wiit) in the dressing operator $(t) can be generated by a single function, the r 
function. That is 

w{t, z) = liiZ_[p)exp(^ Uz') (2.11) 

and 

w*{t, z) = Z^±j^exp{Y, -Uz'), (2.12) 
^ i=i 

2 3 

where [z] = (z, • • • ). And further all function fi{t) in the operator L can be generated by 

the tau function too. Here introduce the G{z) operator, whose action on functions is G{z)f{t) = 
f{t-[z-']). 
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There are a family of symmetries for KP hierarchy which are called the additional symmetries. 
We denote the infinitesimal operators for the symmetries by d^i- Their actions on on <I>(t) are 

as foiio^43 



where 



d*^Mt) = -{M^L%o^t). 
M = oFo 



(2.13) 
(2.14) 



There are another family of symmetries for the KP hierarchy. Their infinitesimal operators 
are called vertex operators, which are defined as follow 



°o p p 



where 



'di, 



P, = < 



i > 



\i\tu\ , i < 



Talyor expand the X{X, fi) in fi at the point of A, we have 

(/i-A) 



m=0 



m) 
n ' 



where 



£ A-"— VF(-) = a-U=AX(A,/x). 



(i) 

By a straightforward computation, the first items of Wn are as follow 

Wi'^ = Pn, 

WP= ■■PiP,:-{n + l)Pn, 



i+j=n 



Y ■PiPjPk--^{n + 2) Y ■PiP3-Hn+l){n + 2)Pn, 

i+j+k=n i+j=n 

W^^) = -Pi^^ - 2(n + 3)P^3) ^ (2n2 + 9n + 11)P^2) _ + + 2)(n + 3)P„ 
Wi'^ = P(^) -lin + 4)P(^) + (f + 20n + 35)PP 
- (-n^ + 20n2 + — n + 50)^^ + (n + l)(n + 2)(n + 3)(n + 4)P„ 



^Here for convenient the symbol has a shght different from |15) . 



(2.15) 



(2.16) 



(2.17) 
(2.18) 
(2.19) 

(2.20) 
(2.21) 

(2.22) 
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where 



P^"^ = Snfl, (2.23) 

Pi') = P^ (2.24) 

Pi2)= ^ :p.p^., (2.25) 

i+ j =n 

Pi3)= ^ :PiP,Pfc: (2.26) 

i+j+fc+Z=n i+j=n 

Pn^ = E ■■PiPjPkPlPm--^ -'jPiPjPk-- (2.28) 



The two famihes of symmetries are equivalent. This fact is represented by the ASvM formula 

[nmsiiiT] 

d*m,i+mrit) = — ^, (2.29) 

m + 1 

which hold for m > and for all /. 

In integrable system, using the additional symmetries, the string equation [15) can be represent 

as 

[LP, -(ML-P+i)+l = 1, (2.30) 
P 

or equivalently as 

dl-p+iL = 0. (2.31) 

§3 Constraint equations and connection between two algebras 

In this section, firstly we show equations that a tau function, which is under constraints 
of both the string equation and the p-reduced KP, satisfies. Similar results were obtained by 
other method. Here we use the method of pseudo-differential operators to obtain them, which 
simplifies the proof. Secondly, we find the connection between the VFi+oo algebra which includes 
the redundant variables of {tmp} and the algebra of = {wl™^|tmp=o} which doesn't include 
{trap}- This connection is used in the proof of [Theorem 4.81 in next section. Furthermore, using 
this connection, we could greatly simplify the calculations about commutation relations of W. 

Now, to obtain the constraint equations for a corresponding r function, we first show actions 
of additional symmetries on wave functions. 
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Lemma 3.1. For any integer m > and / S Z, 



W, 



(m+l) 



r{ty 



dl^^^_,Mt,z)=y{G{z)-l)^iI^+^^ J -wit^z). (3.1) 

Proof: By (f2lT]) and ^OTM . 

{t,z) (3.2) 

exp^(tiZ*) 



r{t) ■ G{z){d*^^^^,r{t)) - G{z)r{t) ■ d*^^^^,r{t) 



W, 



(m+l) 



T(()- 



(GM-i)^!liL_).„,(M). 



□ 



Now we consider the string equation. From we know that if the operator L satisfies the 
p-reduced KP and the string equation, then 

i-i _ -, 

{M^L^P+3)_ = Y[{- r)L-P when k = -l; j = 1,2, • • ■ (3.3) 

r=0 

= when A; = 0, 1, 2, • • • ; j = l,2,--- (3.4) 

Substitute the above into the definition of the additional symmetry, we have 
i-i _ -, 

dlkp+,m = -T[{^-^-r)L-P°m when k = -I- j = l,2,--. (3.5) 

r=0 

= when A: = 0, 1, 2, • • • ; i = l,2, (3.6) 

Substitute the above into the definition of the wave functions, we have 

dlkp+,wit,z) = -ll{^-r)z-P when k = -1; j = l,2,--- (3.7) 

r=0 

= when A; = 0, 1, 2, ■ ■ ■ ; j = l,2, ■■■ (3.8) 

Then, using Lemma 13. H we could obtain the constraint equations for the r function which 
satisfies both the string equation and the p-reduced KP. 
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Corollary 3.2. If a r function satisfies both the string equation and the p-reduced KP, then it 
satisfies 

= -[](L__,)^-P when k = -l; j = 1,2, ••• (3.9) 

= when A; = 0, 1, 2, • • • ; j = l,2,--- 

(3.10) 

Now we consider the connection between the W^i+oo algebra which includes the redundant 
variables of {tmp} and the algebra of W which doesn't include {tmp}- 

Firstly, we give some notations here. Prom the expression of P^^, we know that every P^^ is 

(i) 

a summation of items of normal product. For each -P^p , these items can be divided into two 
categories; one includes all items that comprise none of variables in {tmp\m G N} and the other 
includes all items that comprise at least one variable in {tmp}- We represent the summation of 
all items in the former category by pj:^ and the summation of all items in the latter category 
by Pg. So we have P» = P» + P« and P« = P«L,=o for every P«. Similarly we 
denote P^^^ |t„jj,=o and the other part by P^^ and P^^ respectively. And these notations are also 

applicable to {VF^^ }• 

(i) ~ (i) 

Now we give the connection between the algebra of W^^ and the algebra of Wj^^ . 

Lemma 3.3. Expand wj^^^ in {P^rnpl^ € N}; then the coefEcient of P-mip ■ P-m2P ' ■•• ' P-nup 
are linear combination of W?"^ , . , , ,1 = 1, ...,n. That is 

n 

+constant ■ ^^(^7+";!]+...+^,+^)^ + - + constant ■ W^^^^^^^ ^^.^k)p) ^ 

(3.11) 

— 

where the constants only depend on p and especially the constant in front of P-rmp ■ +ik)p 
equals n. 



Proof: First we prove a more general conclusion, the expansion m r—rnp- 

Due 

to the normal product, we have 



oo 



^ A-'*-'"W^'") (3.12) 

n=—oo 

°° p p 

=arU=.:expi:(^--J): (3.13) 



i=—oo 
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/ °° p ,,ip °° p °° p \ 

»p E : exrt § - ) : ,3.4) 

^ i=l i=—oo i=—oo ' 

i^—kp 

m / oo p . ip\ / °° p. p. \ 

= E(^-E E constant- (n^'-m.p)-A(™i+"^^+-™^)^'-M(C--' ^ J . 

(3.16) 

For any fixed n and m, compare the coefficient of A^"^™ on botfi sides. Tfien we liave 
Wt^ = W^^'^+m-Y, P^^,r>{W^Zv+n + constant ■ wj^^^^l + ... + constant • wj^l^J 

miGN 

(3.17) 

n 

+ E E P-mipP-m2p ■ ••• • P-mip{constant ■ _^^.)p_^„ 

+ constant ■ W/"^ } ^\ , > , +... + constant • Ty/'''' , , , \ , ) (3.18) 

{mi+m2+...+mijp+n (mi+m2+...+m.i)p+n^ ^ 

Then, let n = kp and we obtain that the coefficient of P-mip ■ P-m2P • ••• • P-mip are linear 
combination of W'/^^ , , , , , . A = 1, ...,n — 1. 

Meanwhile, the constants in (|3.1ip are linear combination of the constants in the first bracket 
in p.l5p . Since the latter are only depend on p when n = kp, we obtain that the constants in 
p. lip are only depend on p. 

□ 

Now we extend the above conclusion to the algebra of {Pj^}, which is used in next section to 
prove our main theorem. 

Theorem 3.4. 

n 

Pkp =-^A:p +E E ^~"^iP^-^2P ' ■■■ ' -^-"^iP^'^^^^^"''^^ ' ^{mi+m2+...+m,+k)p (3-19) 

i=l m,i,m2,...,TniGfi 

+constant ■ PlZ~lZl+...+m,+k)p + - + constant ■ P(^°^^+^^+,„+^^+fc)p) (3.20) 

where the constants only depend on p and especially the constant in front of P-rmp ■ ^(m +k)p 
equals n. 

Proof: From the expression of VFfc^p^ and 

^kp ^ know that one could be regard as a hnear 

representation of the other. That is, 

^i? = P^p^ + constant ■ + ... + constant ■ P^]^ . (3.21) 
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and 

Pff = Wff + constant ■ wj:!^-^^ + ... + constant ■ W^^j , (3.22) 

where the constants only depend on kp. Use Lemma [STSl and substitute the expansion of wj^^ *^ 
in {P^mp} into ()3.22p . Then, we obtain 

Pkp^ = ^i? + constant ■ wji^'^^ + ... + constant ■ V^g^ (3.23) 

n 

+ Yl P-ra,pP-rn,p- ■■■■P-^^constant-W^^-Jl^^^ ^^^^ (3.24) 

1=1 m\,m2,...,ini&^ 

+ constant ■ wl'"' ] , +... + constant ■ W^^^ , , , ,,^ ). (3.25) 

(mi+m2+...+mi+fe)p (mi+m2+...+ini+k)p' ^ ' 

Let tmp = on both sides of ()3.2ip and ()3.22p and we obtain 

^i? = Ptp + constant ■ P^^^'^'^ + ... + constant ■ P^^J , (3.26) 

and 

^i? = ^i? + constant ■ W^^^~'^^ + ... + constant ■ w\^^ . (3.27) 

Substitute (j3.26p with n = 2,3, ...,n — 1 and p.27p into ()3.25p . Then we obtain the expansion 
of (j3.20p . in which the constants are different from (j3.25p . but they are still depend only on p. 
Meanwhile, the item Pm^p ■ P(^m +k)p ^® generated only by the item of VF^p"*. And the constant 
in front of it equals the constant in front of P-rmp ' ^(m +k)p' ^° constant in front of 
P~m,P ■ PlZ~+k)p also equals n. 

□ 

In next section, we'll give the expansions of P^^ , Pj^'^ and Pj^^ , which can be regard as 
examples and verifications of [Theorem 3.41 with n = 3, 4, 5. 

These conclusions also hold for {W^^^} and {P^p^}, that is 
Corollary 3.5. 

n 

pS=pS + Y. E P--^^pP--^^p-----P-rnAconstant-Pll-l^^^^^^^^^^^ (3.28) 

i=l mi,m2,...,rrii; 
ni,n2,...ni&i 

constant ■ pj^"' ] , +... + constant ■ pf^^ , , , )PnivPnov ■ ■■■ ■ Pnv (3.29) 

(mi+m2+...+'m.i+k)p (■mi+m2+...+mi+k)p' "l^' "-^P '^iP \ / 

where the constants only depend on p. 
Similarly, there is the same connection between wj.^^ and W^p^ ■ 

Based on this connection, we can calculate the commutation relations of one algebra from those 
of another algebra. As an example, we show the calculation for n = 2. The conclusion through 
the method is the same as those through a straightforward calculation; but the calculation is 
much simpler. This can also be regard as a verification of [Theorem 3.41 with n = 2. 
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1 ~ (2) 1 (2) 

Corollary 3.6. {^Pj;.^} has the same commutation relations as {2-ffcp }• 

1 (2) 

Proof: 1^ = ~1)0, 1, ■ ■ ■ } is a subalgebra of the Virasoro algebra. Then their commuta- 

tion relations are 

i^Pif > \Pmp] = \{np- mp)Pi^J_^^p + ^{{npf - np)6np+mp,o, (3.30) 
where m,n € {—1, 0, 1, • • • }. By direct computation, we have 

Hp' = ^kp + 2 • X] P-mpP(k+m)p- (3-31) 

Substitute it into (|3.30p and note that Pf,^ don't include the variables of {tmp} so that they are 
commutable with Pkp. So we have 



\{rip - mp)Pji^J_^^p + (n - m)p ■ ^ P-hpP{is+n+m)p + j^ii^pf - np)6np+mp,o (3.32) 

'-[2^1$ + ^ P-hpP{h+n)p, ^Pml + P-l2pP{h+m)p] (3.33) 

--[\p^i\piS\ + [E P-hpP{h+n)p E P-hpP{h+^)p] (3.34) 

/iGN /2GN 

--\^Pnp XPml]+ E P-hp ■ + h)p ■ P{ra+h)p - E P-hp ' i'^ + h)P ' P{n+h)p 



n+h=l2 m+l2=h 



(3.35) 

--\^Pnp ^\piS}A + E P-^^P ■ ~ ■ P{m+n+h)p (3-36) 



Cancel the same item on both sides and we have 



rip ip 1(2) 1 _rip(2) ip(2)i| I'o o7^ 

Vr,-^np\t, -01 r,'^rnp\t, -o\ — Lr,-^np ) r, -^mpJ |tip=0 \o.ot ) 



tip=i)i 2 ™PI<ip=UJ np ) 2 mpJUip 



i(np - mp)P^^J_^^p + :i^((np)^ - np)5„p+^p,o; / G N (3.38) 



1 ("21 

which is the same as {2 Pkp } ^ 



§4 Precise constraints on a associated tau function 

In this section, based on Theorem 13.41 we propose a new and computable method which can 
determine the values of unknown constants in higher order constraints on a r(t) function which 
satisfies both the p-reduced KP hierarchy and the sting equation. Consequently, with these 
values we can obtain a precise algebra that the higher constraints compose. Meanwhile, the 
algebra includes the Virasoro algebra as its subalgebra. So, the conclusion in [5, 6J, which is 
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that a r function under the constraints of 2-reduced KP and the string equation is a vacuum 
vector of the Virasoro algebra, is also included in our conclusion. 

Now we first give a preliminary conclusion which shows how the unknown constants in con- 
straints on a corresponding r function generates. Similar result was obtained through other 
method. Here we use a simple way to obtain it. 



Lemma 4.7. When k = -1,0, G N 

kp 



where each c^*^ is a constant. 



Proof: From (j3.10p . we obtain 



P^-r(t)=c^-rit), (4.1) 



• '^i^) = constant ■ T{t) when = 0, 1, 2, • • • ; j = 1, 2, • • • . (4.2) 

Note a fact that 

- - - = - ^)^-'- (4-3) 

Add (113]) to dHS]) and we obtain 

Wl'^'^ ■ , v-l 
{-i^-Y{l-Jo{'^-r)tv)-r{t) 

{G{z) - 1) ■'^ =0 when /c = -1; j G N. (4.4) 

That is 

(^ir^^ ~ (-^ + ^) n^^^^ ^)*p) ■ = constant ■ r{t) when fc = -1; j € N. (4.5) 

r=0 

Consider (|4.2p and (|4.5p together. Let tmp = on both sides of the two identities. We could 
cancel the items that include variables of {tmp}- Since the T{t) of a p-reduced KP is independent 
on the variables of {tmp}, we obtain 

^fcp^^^ • r(t) = constant ■ T{t) when A; = -1, 0, 1, 2, • • • ; j G N. (4.6) 
Meanwhile, we have 

pS = + constant ■ W^^"^^ + ... + constant ■ wjil^ (4.7) 
Let tmp = on both sides, and we have 

Pff = Wff + constant ■ W^^'^^ + ... + constant ■ wi^^^ . (4.8) 
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So, together with ()4.6p and that the r function is independent on tmp, we obtain 

Pj^'^'^ ■ T{t) = constant ■ T{t) /c = -1, 0, 1...; i G N (4.9) 

□ 

(i) 

From the above lemma, we know that there are a lot of unknown constants, , in the 
constraints. Now, we propose a method to determine the values of these constants and obtain 
the precise constraints. 

Theorem 4.8. The constants c]^',k = 0, l,2...,i G N can be determined by a recursive process 
step by step, in which 



4*^ =0, A; = 1,2,3.... (4.10) 



and 



c«(p) = 0, 4')(p) = --L(p2_i), c^^\p) = 0, c^^\p) = -{S_p2-l-){p^-l)... (4.11) 

Proof: This method is essentially a recursive process. Here we use the second mathematical 
reduction on i to prove it. Start from i = 2. Let k = —1 and j = 2 in (13. 9p . and we have 



T[t) 2 2 

Applying Lemma 13.41 with n = 2,3 and by a straightforward computation, we have 

oo 

p!5-r(0 = P!5-r(f) + (5^3-P_„p-p(^)_,)p)-r(i) + ( ^ 3-P^np-P-ip-Pin+i-i)p)-r{t). (4.13) 

m=l n,l€N 

Here the third item in the right-hand side of the above identity equals since n + l — 1 > and 
r(t) is independent on tmp] using Lemma 14.71 the fist two items in the right-hand side equal 
c^-i ■ T{t) + ( Y^^=i 3 ■ P-mp • • T{t). As for P'^p, the conclusion is similar. And we have 

oo 

p!? • T{t) = P^_^i ■ Tit) + ^ 2 • P_„p • P(„_i)pr(t) = cL'J • r(i) (4.14) 

n=l 

Substitute KW and into KUh and we have 

(G(z) - 1) ( 5^ P_„, • cH^)^ + 3 (-^^ + + 2)^-p) = • (4-15) 

m=l 

By straightforward computation, it is 

m=l 
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Comparing the coefficient of z ™^ on both sides, we obtain 

(4.17) 



.(2) 



^4')=0; A: = 1,2,3,--- . 
So the theorem holds when i = 2. 

(i) (i) 

Assume the theorem is holds for i < n — 2, that is c^/ =0 where /c G N and Cq are already 
determined. 

Now we prove the theorem holds for i = n — 1. From p.9p with j = n — 1, we have 

An) 



wi 



^ ■ rit) 



n-2 



{G{z) - 1) ^ ^ ^ = - - ^)^"'' (4.18) 

' r=0 

in which 

W^^^ ■ T{t) = {P^J + constant ■ P^^~^^ + ... + constant ■ P^^) ■ r(t). (4.19) 

Applying Theorem 13 .41 with k = —1. Because —nii ^ —1 when i > 2 and pI^^ doesn't include 
a single item of -Pl^p when j > 2, we can cancel some constants in the expansion ofPl^p^ Then 
each P_p with j > 2 in the above identity can be expanded as 

oo i-1 

m=l fc=l 

i-2 

+ P-^^vP-m.v^constant ■ P^^^^^^_^^;) (4.21) 

+ (4.22) 

+ ^ • ... • P-m,.,p{constant ■ (4-23) 

mi,m2,...mj—i 

Substitute the above into (|4.18p and we obtain 

A ""2 _ -1 

^ ^ r=0 

where 

n— 1 n— 1 i n—i 

^=Y1 P~rnp{n ■ cj^^i) +Y, Yl HP-mpiYl constant ■ cJ^J+„2+...+^^_i) 

mSN fc=l 2=2 mi,m2,.--»niGN /=1 k=l 

(4.25) 
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+ constant ■ ^ J| P-mipi ^ 

constant • c|^j_|_^2+...+mi— i )) (4.26) 

i=l mi ,m2,.--"iiGN i=l fc=l 

+ (4.27) 

+ constant ■ P^^ (4.28) 

Substitute the results of i < n — 2 into the above, we obtain 

( P-mp • c'm'-i + constant ■ P^p ■ Cq~' + constant ■ P-p ] • T{t) 

T{t) 

n-2 

= -l[{P—-r)z~P (4.29) 

r=0 

Comparing the coefficients of z™^ on both sides, we obtain 

' , , n— 1 n—2 

% + S constant ■ Cq~' + constant = — Yl ~ 

i=2 r=0 

^4"-')=0; A; = l,2,3,--- . 



(4.30) 



There is only one unknown variable, Cq" ^\ in the first equation. Then we can determined it 
from that. So c^~^ = where /c G N and Cq" is also determined, that is, the theorem holds 
for i = n — 1. According to the second mathematical reduction, the theorem holds. The proof 
also give us a recursive method which can calculate the c^*^ step by step. 

□ 

From the above proof, we know that the method is essentially a recursive process, that is, 
we could determine the constants step by step. When p = 2, c'q^ = — ^(p^ — 1) through 

(2) 

this method, which is the same as Cg obtained through a direct computation of commutation 



relations of Virasoro algebra in Corollary 3.6, Moreover, it is usually that assign to all , 



but here, using this method, we know that all of them do not equal 0. The constants which do 
not equal are close related to the centers of the algebra that the constraints constitute. As 
for c^^i, the are unknown; but c^j = 0, which can obtained by the commutation relations of the 
Virasoro algebra. 

Now, with these values of the constants, we could obtain the precise algebra of the constraints. 
Note that the above theorem is still holds if we substitute {Pj^p} for {Pjlp}- So, we have 

Corollary 4.9. If L satisfies the p-reduced KP hierarchy and ^^^L~^ = (ML~^"''^)_, then L 
satisfies the String equation and the r function of L is a vacuum vector of the algebra P or P 
where 

P = {P^l- c%P^^ - c^^\pl^^\i,ke N}. (4.31) 
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and 

P = {P« - cg,P« - c«,P«|i, A; G N}. (4.32) 

That is 

P ■ T{t) = and P- r(t) = 0. (4.33) 

Corollary 4.10. The algebra P includes a Virasoro algebra with no center as its subalgebra, 
that is, {Pil^ - dn^}. 

Proof: Let 

^{Pif - ci^)) = K,n = -1,0, 1,2, ... (4.34) 



Applying Corollary 3.6, we have 

[L„, Lm] = (n - m)Ln+m- (4.35) 

□ 

So, the conclusion in [5l E], which is that a r function under the constraints of 2-reduced 
KP and the string equation is a vacuum vector of the Virasoro algebra, is also included in our 
conclusion. in [316]. That is, we extend the sufficiency of the above conclusion from 2-reduced 
KP and the Virasoro algebra to an arbitrary p-reduced KP and a algebra of P or P. 

Now we show the detailed calculation when i = A and 5, which together with the case of i = 3 
can be used as examples of [Theorem 4.81 and [Theorem 3.4l 

Consider the case of z = j + 1 = 4 in (13. 9j) . We have 



^ , \{P^l - (6 - 2p)P^^, + (2p^ - 9p + ll)P^^l - (1 - p)(2 - p)(3 - p)P_,) ■ T(t) 
[C.[z) - 1) — 

= . ^ . ^.-^ (4.36) 

2 2 2 ^ ' 

By a straightforward computation, 

p(4) _ 5(4) , 4 . V- p . p(3) , >p 5 . p .p . p(2) o^N 

mGN r7ii,m2GN 

"I" ^ ^ 2 • mp{mp — p)P—mpPmp—p + ^ ^ 4 • P—mipP—m2pP—in3pP(mi+m2+ins — l)p- 
mGN mi,m2,m3GN 

(4.38) 

Substitute (liT3]l and (|i38]) into (06]l and we have 

E ^-mp • c^Li + i(p - 3) E -^-mp • cl^^-i + i(P - 1)(P - 2)(p - 3)P.p ■ T{t) 

[G{z) - lY-^ ^ 

r(t) 

= -^-^-^.-. (4.39) 
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Comparing the coefficient of z ™p on both sides, we obtain 

r (3) (p^-l)(p-3) (p-l)(p-2)(p-3) _ (p-l)(ff-3)(p-5) 



+ 



USLi=0, m = 2,3,4, 



(4.40) 



Solving them, we have 



^0 



.(3) 



l^d=0, m = 2,3,4,---. 
Consider the case of i = j + 1 = 5 in (|3.9p . we have 



(4.41) 



V + 20p^ - + 50)Pi;^ + (1 - p)(2 - p)(3 - p)(4 - p)P„)^ 



(p!5 - 1(4 - p)p!'p) + (f p2 _ + 35)p!5- 
3(2) 



(G(z)-l)- 



r(t) 



r(i) 



n( 

r=0 



p — 1 



r )z 



(4.42) 



In order to obtain the expansion of P_p in {tmp}, we first calculate the items in P_p which 
include only one variable in {tmp}- Note that 



(5) 



i+j=kp i+j=kp i+i=kp i+j=kp 

Let {tmp\'m G N} = on both sides, and we have 



i+j=kp 
ij^-mp 



i+j=kp 
ij¥^-mp 



i+j=kp 
ij^'-mp 



(4.43) 



(4.44) 



(5) 

So the items which include only one variables in t^p in P_p are 

^ ^ 5 • P—Ynp ^ ^ • PiPjPkPl '• ~ ^ ^ 5 • P—mp ^ ^ • ijPi.Pj '■ 



mSN 



i+j+k+l=mp—p 
i,j,k,lj^—mp 



i+j=mp—p 



Y 5 • (-mp) • P_m,p ^ : jPiPj : - E ^ ' (~'^P) ' -f'-mp E ' ^'^^'^'^ ' 



meN 

mGN 



i+j=mp—p 
i.ji^-'mp 



mgR 



i+j=mp—p 
ijy^-mp 



mp 



Y :PiPjPkPr.-Y^-P-"^P E ■ijPiPj- 



i+j+k+l=mp—p 
i,j,k,l^—mp 



i+j=mp—p 
i,jj^-mp 
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+ ^ 5mp ■ P_rnp ^ (mp - p) : PiPj : 



m£N i+j=mp—p 

= ^ 5 • P^mp • P.^l-p + - p)P^rnpP!nl-p- (4-45) 

meN meN 

Substitute the above into the expansion. Then it can be written as 
p!5 = P-P + E ^ ■ • ^S-P + E 5mp(mp - p)P.mpP^il-p (4.46) 

mGN meN 

+ 10 • ^-^iP • ^-.P • (4-47) 

mi,m2GN 

+ Yj ^' ■ + mi(mi + m2 - p) + m2(mi + m2 - p)P-nnpP-rn2pP{mi+m2-l)p 

(4.48) 

+ ^ 10 ■ P-mipP-~m.2pP-nizpP'l2x+m2+'m-i-l)p (4.49) 
mi,m2,m,3GN 

"I" ^ ^ 5 • P—m\pP—m2pP—mzpP—m4,pP(rni+m2+rn3+m^ — l)p- (4.50) 

mi,r?i2,m3,m4GN 

Substitute the above expansion into (|4.42p . Then we obtain 

-mp ■ C'm-l + SmGN "f^i^ — ^)p'^ P-rnp 

+(2/ - Up + 21) ZmmP-^P • -c!^-! + i(l -P)(2 -p)(3 -p)(4 -p)P, 



ZlmgN P~mp ■ cln'-i + J2m€N "f^i^ '^)P^ P-rnp ' C>m-\ (8 2p) YLm&l P-mp ' C^Li 



(G(z)-l)- 



r(i) 

p-7p-5 p-3 p-l_„ 



2 2 2 2' 

Comparing the coefficient of z"'"*' on both sides, we obtain 

ic^o^ -{kp'-p+l){p' -I) + Up-^)(p-'^)iP-^)(p-'^)- — ■ — ■ — 



(4.51) 



2 2 2 2 •' 

(4.52) 



[c2Li = 0, m = 2,3,4,---. 



Solving them, we have 



^^o^ = iioP'-io)ip'-^)^ 

(4.53) 

lcSLi=0, m = 2,3,4,.... 

□ 
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§5 Conclusions 



In this study, for an arbitrary p, we propose a new method which can determine the values 
of unknown constants in constraints on a tau function which satisfies both the p-reduced KP 
hierarchy and the sting equation. It is a recursive process and through it we could directly 
calculate the constants step by step. By this method, we know that, unlike what people usually 
think of, all of them do not equal 0. When p = 2, our conclusion is the same as the current 
conclusion, that is, the constants determined through our method being the same as those 
determined through commutation relations of Virasoro. With these values we obtain the precise 
algebra that the constraints compose. Meanwhile, the algebra includes the Virasoro algebra as 
its subalgebra. So, the conclusion in [5l E], which is that a r function under the constraints 
of 2-reduced KP and the string equation is a vacuum vector of the Virasoro algebra, is also 
included in our conclusion. That is, we also extend the sufficiency of the above conclusion from 
2-reduced KP and the Virasoro algebra to an arbitrary p-reduced KP and a algebra of P or P. 

In this process we also obtain the connection between the VFi+oo algebra which includes the 
redundant variables of {tmp} and the algebra ofW = {Wn"^^ \tmp=o} which doesn't include {tmp}- 
Through this connection, we could obtain commutation relations of one algebra from those of 
the other algebra. And the calculation is much simpler than a straightforward calculation. 

This method is a general approach which is feasible to other integrable systems similar to the 
KP system, such as dKP hierarchy, BKP hierarchy, qKP hierarchy etc. In the near further, we 
will try them. And we will study further the algebraic structure of the algebra P. 
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